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LETTER TO THE EDITOR: HANDLING 
OF EQUALITY CONSTRAINTS IN 
OPTIMIZATION 

In a recent paper Westerberg and 
Debrosse (1973) presented an optimi- 
zation algorithm which appears to suf- 
fer from the difficulty of being unable 
to handle nonlinear equality constraints 
without introducing significant errors. 
The optimization of an alkylation plant 
as described by Sauer et al. (1964) il- 
lustrates the problem at hand. 

The model of alkylation plant as 
presented by Sauer et al. is described 
by 10 variables subjected to 7 equality 
constraints and 20 inequality con- 
straints. In the optimization of this 
plant Westerberg and Debrosse have 
replaced 4 of the equality constraints 
by 8 inequality constraints so that the 
problem would fit into their proposed 
optimization algorithm. In so doing, 
they have allowed in essence these 4 
equality constraints to be violated, and 
have thus increased the yield, the mo- 
tor octane number, and the perform- 
ance number and decreased the acid 
dilution factor. Although 1% change 
in these variables may not appear to be 
much, such a change is very significant. 
Since the estimate of the daily profit is 
calculated from the excess of returns 
over costs and these are of the same 
order of magnitude, such constraint 
violations have the effect of increasing 
the expected daily profit from the opti- 
mal value of $1162 to $1715, an in- 
crease of 47%. Although Sauer et al. 
(1964) used approximations to solve 
this problem by linear programming, 
their approximations were very reason- 
able, yielding an expected optimal daily 
profit of $1163. Also, their results were 
very close to the optimum values: x1 = 
1728.37, ~2 = 16000, ~3 = 98.184, ~4 

= 3056.05, X5 = 2000, Xg = 90.626, X7 

= 94.19, xg = 10.41, ~g = 2.614, XIO 

= 149.58. 
With a simple modification, the pro- 

cedure of Westerberg and Debrosse 
(1973) can be used to obtain the an- 
swer without undue approximations 
simply by running the problem twice. 
The first time the problem can be run 
with the approximations. Then after 
identifying the tight inequalities which 
approximate equalities, the problem can 
be rerun with the removal of the 1% 
approximations. 
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REPLY TO LUUS’ LETTER 
the assumptions made-in using the mo- 
lecular models of that chaDter. 

It is unfortunate that Dr. LUUS has In the experience of the reviewers, 
misunderstood our use of the Sauer ex- SOme of the computational procedures 
ample, Dr. LUUS attributes our re- recommended are fraught with pitfalls 
placing of the nonlinear equality con- for those inexperienced in the use of 
straints in the original Sauer formula- statistical mechanics. The shortcomings 
tion to our inabihty to handle them of some of the calculational methods 
directly. This is incorrect. presented should be more fully dis- 

To counter his interpretation, we cussed. In places, the nomenclature is 
have re-solved the original Sauer prob- confusing because so many different 
lem directly, getting essentially Sauer’s symbols are used. However, it must be 
answer. I t  required only 9 function conceded that the result is uniformity, 
evaluations starting from the equivalent even though some of the symbols used 
first feasible point (that is, defined by in the text do not appear in the Table 
the equivalent set of tight constraints) of Symbols at the beginning of the 
as used in the paper. 15 function eval- book. The obsolete Greek digamma 
uations were required in the paper. used for degrees of freedom would be 

The source of OUT formulation, which more easily found by the reader in 
we stated in the paper, was Bracken the English alphabet under F. 
and McCormick‘s book of solved prob- Remarkably, we found only two spe- 
lems (196819 a convenient Source of cific errors. First, Equation 4-39, page 
Problems on which to test the suggested 125, is dimensionally inconsistent. The 

the difficulty lies in the given definition of 
equality constraints in contention by P(N), which Reed and Cubbins define 
the perturbed inequality constraints. It as an Nth order polpomia~ in r, a, and 
is unfortunate that these changes have D ~ R ~ ~ ~ ~  and H ~ ~ ~ ~ ~ ,  from whom 

They, not Us, 

made the problem physically ~nrealis- Equation 4-39 is taken, define p(N) as 
tic, as shown above Dr. Luus’ We an Nth order polynomial in 1/[r 2 ( a  

+ b ) ] .  Secondly, Figure 8-6 is upside 
constraints Perturbed down. Hutchinson plotted -4  ( r )  /kT 

not 

constraints as a general policy. That vs. T, whereas Reed and Gubbins con- action should almost certainly produce sistently plot +4 ( T) /kT yet the figure a problem requirin more work. Since the algorit%m requires tight in- was reproduced directly from Hutchin- 
equality constraints to be used as 
equality constraints while moving The problems at the end Of each 
toward a solution, deliberately using chapter are thought Out and are 
perturbed inequality constraints to re- Of the mate- 
place equality constraints and solving rial in each the aPPen- 
a problem in two passes as suggested dices are to the 
by D ~ .  L~~~ is of no value for this reader seeking more detailed discussion, 
approach. and this greater detail is quite appro- 

priately located, since the main text is 
a conceptual outline leading to final 
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